2 (bΩ) be the Hardy space of a bounded weakly pseudoconvex domain in C n . The natural resolution of this space, provided by the tangential Cauchy-Riemann complex, is used to show that H 2 (bΩ) has the important localization property known as Bishop's property (β). The paper is accompanied by some applications, previously known only for Bergman spaces.
1. Introduction. A fundamental question in abstract spectral theory is whether, given an operator or a system of operators, the underlying Hilbert space can be localized with respect to parts of the spectrum. Any spectral decomposition construction actually answers this question in specific terms. A branch of modern operator theory, called local spectral theory, studies different aspects of this localization problem.
Quite recently, a general framework based on sheaf theory and homological algebra techniques was proposed as a simplifying and unifying language in local spectral theory. Several classical contributions to the field (due to N. Dunford and J. T. Schwartz [6] , E. Bishop [1] , C. Foiaş [8] ) as well as recent researches (see for instance the monograph of Vasilescu [17] ) have been naturally included in this framework. The monograph [7] is devoted to this new approach to local spectral theory. (Most of the references in our paper will be forwarded to [7] rather than the original papers, all quoted and commented in [7] .) Let H be a Hilbert O(C n )-module, or, equivalently, a system of n commuting linear bounded operators acting on H (n ≥ 1). It turns out that, in terms of topological modules, the spectral localization property of H is equivalent to the existence of an analytic sheaf F of Fréchet spaces on C n with F(C n ) ∼ = H (as topological O(C n )-modules) and with a good cohomological behaviour known as quasi-coherence in analytic geometry or, equivalently, as Bishop's property (β) in operator theory. Various characterizations of this class of analytic sheaves are known, for instance the topological coherence (i.e. the existence of topologically free resolutions to the left) or the existence of an abstract Dolbeault resolution (i.e. a finite resolution to the right with soft analytic Fréchet sheaves).
Once a Hilbert O(C n )-module H is localizable in the above sense, the spectral theory of multiplication operators on H with analytic functions is much simplified. Questions such as the computation of Taylor's joint (or essential joint) spectrum, the evaluation of the Fredholm index or the division of vector-valued distributions by operator-valued analytic functions were successfully studied with the homological-topological methods which are specific to localizable modules. See [7] for details with references.
So far, the typical example of a localizable analytic module was the Bergman space of a bounded pseudoconvex domain in C n ; see [7] , Chapter 8. The aim of the present paper is to prove that the Hardy space of a bounded weakly pseudoconvex domain in C n is localizable. The proof of this fact relies, besides standard homological techniques, on the estimates for the tangential ∂-operator obtained in the last two decades by G. Henkin [9] , J. J. Kohn [10] and very recently improved by M.-C. Shaw [15] . Thus the main result of our article asserts that there is a (unique) quasi-coherent Fréchet O(C n )-module which localizes the Hardy space of a weakly pseudoconvex domain. Actually, a precise description of this sheaf is available; see Section 3. Without developing all possible consequences of this result for the spectral analysis of Toeplitz operators with bounded analytic symbols, we put together in a separate section some applications which are easily obtained from the comparison with the case of Bergman spaces.
The paper is organized as follows. After this introduction, we recall in the second section some definitions and statements that are needed in the following sections. The third section is devoted to the main result, and the applications are given in the fourth and last section.
Preliminaries.
In this section we collect some facts, needed in the following, from topological homology theory and local spectral theory. For a complete introduction to this subject we refer to [7] , where all the listed facts are proved. Further, we give a brief summary of the definition and properties of the tangential ∂-operator and of Hardy spaces in several complex variables, as far as they are used in this article.
2.1.
The topological torsion functor . For two locally convex spaces E and F we denote by E ⊗F their completed π-tensor product (over C). Let A be a Fréchet algebra with unit and assume that E and F are Fréchet A-modules. Similarly to algebraic homology, we define Tor to be the derived functor of ⊗ A ; more precisely, we denote by B A
• (E, F ) the Bar complex associated with E and F and define
Here H p denotes the pth homology space. The Tor-spaces are equipped with the quotient locally convex topology, which may not be Hausdorff. As in the algebraic case, any (C-split, topologically-) free resolution can be used to compute these spaces. The characteristic property of the Tor-functor is contained in the following theorem.
Theorem 2.1. Let A be a commutative Fréchet algebra with unit, F a Fréchet A-module and let
be an exact sequence of Fréchet A-modules. If A and F are nuclear , then the induced long sequence of locally convex spaces
The nuclearity of A and F is not necessary for the validity of Theorem 2.1, since there are other conditions that guarantee it.
For later use we give the following definition.
Definition 2.2. Let A be a Fréchet algebra with unit. Two Fréchet A-modules E and F are called transversal (in symbols E ⊥ A F ) if E ⊗ A F is a Hausdorff locally convex space and if Tor
We conclude this subsection with some remarks to our main application. We deal primarily with the case A = O(C n ) and E = O(U ) or E = E(U ) with U ⊆ C n open. All these spaces are nuclear Fréchet spaces, and we can use the Koszul resolution
In particular, we see in these cases that
Tor
2.2. Quasi-coherence and property (β). Although the theory studied in this section makes sense in a more general context, we restrict ourselves to the special analytic space C n with the corresponding sheaf O C n of analytic functions on 
is an isomorphism of Fréchet spaces, and if
Thus, the analytic Fréchet sheaf F is quasi-coherent if and only if the augmented Bar complex
Then there is a quasi-coherent sheaf such that E can be identified with its space of global sections if and only if
holds for every Stein open subset U ⊆ C n . In this case, the sheaf E, defined by
is the unique quasi-coherent sheaf with the property that E(
Because of Proposition 2.4, we call a Fréchet O(C n )-module E quasicoherent if (2.1) holds for every Stein open subset U ⊆ C n . In this case, E is called its associated quasi-coherent sheaf.
The next theorem provides a useful criterion for quasi-coherence and yields a number of non-trivial examples.
Theorem 2.5. Every soft analytic Fréchet sheaf is quasi-coherent.
Corollary 2.6 allows us to call a Fréchet
is a soft analytic Fréchet sheaf with E ∼ = F(C n ), and hence E is soft. Let X be a Banach space and a = (a 1 , . . . , a m ) a commuting tuple in L(X), the Banach algebra of bounded linear operators on X. We equip X with the O(C n )-module structure determined by a, i.e.
Definition 2.7. Let X and a be as above. We say that the tuple a satisfies property (β) if the Banach O(C n )-module X is quasi-coherent. In this case the associated quasi-coherent sheaf X is called the canonical sheaf model of a.
By Proposition 2.4 the tuple a satisfies property (β) if and only if
holds for every Stein open subset U ⊆ C n , or, using the Koszul resolution, if the Koszul complex K • (z − a, O(U, X)) has separated homology in degree p = 0 and is exact in degree p > 0.
If we replace the space O(U ) in the above transversality relation by the Fréchet O(C n )-module E(U ), we are led to the following definition.
As before, the tuple a satisfies property (β) E if and only if the Koszul complex K • (z − a, X ⊗ E(C n )) has separated homology in degree p = 0 and is exact in degree p > 0. Using locally finite C ∞ -partititions of unity, one can show that property (β) E yields
Let X be a Banach O(C n )-module and denote by M z the tuple of multiplication operators with the coordinate functions z j (1 ≤ j ≤ n). Then a simple computation shows that the O(C n )-module structure on X determined by M z coincides with the given one. In particular, Theorem 2.9 shows that the tuple M z on a Banach E(C n )-module X has property (β) E .
The tangential Cauchy-Riemann complex and Hardy spaces.
Let Ω ⊆ C n , n ≥ 2, be a bounded domain with smooth boundary bΩ. For 0 ≤ p ≤ n, we consider the tangential Cauchy-Riemann complex
as defined for instance in [2] . Since the spaces B p,q (bΩ) are defined by a pointwise orthogonality relation, they are invariant under multiplication by E(C n )-functions, i.e. B p,q (bΩ) carries the structure of an algebraic E(C n )-module. Let σ be the surface measure on bΩ and denote by L 2 (bΩ) the corresponding Lebesgue space. We define L 
and for f ∈ D q we define
As usual, we use in the following freely the notation ∂ b for the operator T q as well. It is easy to see that T q is a densely defined closed linear operator between Hilbert spaces. The kernel of the first operator in the tangential Cauchy-Riemann complex has a special meaning. Definition 2.10. We define the Hardy space H 2 (bΩ) as
(bΩ) and hence a Hilbert space.
A natural localization of Hardy spaces
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The fundamental exactness and closed range property of the tangential Cauchy-Riemann operator, which is the basis for the proof of the main result of this article, is formulated in the following theorem, which we reproduce from [15] .
, be a bounded pseudoconvex domain with smooth boundary. Then the tangential Cauchy-Riemann complex
. This turns D q into a Hilbert space for 0 ≤ q < n − 1, and because of Theorem 2.11, the quotient
is a Hilbert space as well. This yields the following exact sequence of Hilbert spaces:
We collect the main properties of the resolution (2.2) in the next proposition. All these statements can easily be verified by using the E(C n )-module structure of the spaces B 0,q (bΩ) and the properties of the ∂ b -operator.
Proposition 2.12.
Let Ω ⊆ C n , n ≥ 2, be a bounded pseudoconvex domain with smooth boundary. Then the resolution (2.2) is an exact sequence in which all spaces are Hilbert and all maps are continuous. Further we have:
We conclude this section with some remarks on the various definitions of Hardy spaces. To simplify our discussion, we assume that the domain Ω is strictly pseudoconvex with smooth boundary. This allows us to make use of some deep results from function theory in order to prove the equivalence of the above definition of the Hardy space H 2 (bΩ) with the others. First we notice that every function in H 2 (bΩ) can be approximated by smooth CR functions; a proof of the next lemma can be found in [9] . Lemma 2.13. Let Ω ⊆ C n , n ≥ 2, be a bounded strictly pseudoconvex domain with smooth boundary. Then
.
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The following proposition establishes the connection of our Definition 2.10 of the Hardy space H 2 (bΩ) with the others.
Proposition 2.14.
Let Ω ⊆ C n , n ≥ 2, be a bounded strictly pseudoconvex domain with smooth boundary. Then
where
is the Banach algebra of continuous functions on Ω that are holomorphic in Ω.
. By a generalization of the Hartogs Extension Theorem (Theorem IV.2.5 in [14] ) there are functions
is closed, the missing inclusion is proved.
If Ω ⊆ C n is a domain with C 
where Ω ε "approximates" Ω from inside for ε ց 0. For details and complete proofs we refer to the standard literature, for instance [11] and [12] .
3. The main result. In this section we state and prove the main result of this article concerning the localization of Hardy spaces. For this purpose we need the following two technical lemmas.
Lemma 3.1. Let E, F be Fréchet spaces and T : E → F a continuous linear operator. Then Im T ⊆ F is closed if and only if for every sequence (e n ) n∈N ⊆ E with lim n→∞ T (e n ) = 0 there is a sequence ( e n ) n∈N ⊆ Ker T such that e n − e n → 0 as n → ∞. on E/ Ker T . Then we can find two sequences ( e n ) n∈N and ( e n ) n∈N in Ker T with
Therefore the sequence ( e n + e n ) n∈N ⊆ Ker T has the desired properties.
On the other hand, the given condition yields the continuity of S and this clearly implies the closedness of Im T .
For details on the quotient topology in topological vector spaces we refer to the classical literature, for instance [16] .
Lemma 3.2. We consider the following commutative diagram: ( 1 ) For two elements e 1 , e 2 ∈ E we have the following description of the quotient metric on E/ Ker T :
denotes the distance of the point e ∈ E to the subset N ⊆ E.
By assumption Ker β 1 = Im β 2 and hence we have f 
2 ) → 0 and hence
This implies We are now able to prove the main result of this article. Theorem 3.3. Let Ω ⊆ C n , n ≥ 2, be a bounded pseudoconvex domain with smooth boundary. Then the transversality relation
holds, i.e. the tuple M z of multiplication operators with the coordinate functions z j (1 ≤ j ≤ n) has property (β) E .
P r o o f. For shortness we use in this proof the abbreviations
Since O and E are nuclear Fréchet spaces, the characteristic property of the Tor-functor (Theorem 2.1), applied to the short exact sequence
yields the long exact sequence of locally convex spaces
By Proposition 2.12, D q is a Hilbert E(C n )-module and hence 
The same idea, applied to the short exact sequences
yields, for all p ≥ 1,
for all p ≥ 1. According to Definition 2.2, it remains to show that H 2 ⊗ O E is a Hausdorff locally convex space. We consider the commutative diagram 0
in which the rows arise from tensoring with E and the columns are given by the respective Koszul resolution
In this diagram, all spaces are Fréchet, all maps are continuous linear operators, the rows are exact and the columns form complexes. Because the isomorphisms Since property (β) E implies property (β), we have the following corollary. 
Let Ω ⊆ C n , n ≥ 2, be a bounded strictly pseudoconvex domain with smooth boundary bΩ, and let F denote the associated quasi-coherent sheaf of H 2 (bΩ). Then we have the following description of F: Let r be a smooth strictly plurisubharmonic defining function for Ω, defined on an open neighborhood U of Ω, i.e. Ω = {z ∈ U : r(z) < 0} and bΩ = {z ∈ U : r(z) = 0}.
Then, for a sufficiently small ε 0 > 0 and 0 < ε < ε 0 , the set Ω ε = {z ∈ U : r(z) < −ε} is again a bounded strictly pseudoconvex domain with smooth boundary bΩ ε = {z ∈ U : r(z) = −ε}, and it approximates Ω from inside.
Because the maximal ideal space of the Banach algebra A(Ω) = O(Ω) ∩ C(Ω) coincides with Ω, we have the identity σ(M z , H 2 (bΩ)) = Ω for the Taylor spectrum of the multiplication tuple M z on H 2 (bΩ) (see for instance [18] ). F is the sheaf model of M z and has therefore the support σ(M z , H 2 (bΩ)). This shows that F| C n \Ω = 0. The global section space F(C n ) = H 2 (bΩ) consists of analytic functions in Ω with certain growth conditions at the boundary. Therefore it is clear that F| Ω = O C n | Ω ; this identity can be proved formally by using known techniques of Fredholm theory for several commuting operators (compare with [7] , Section 4.3). It remains to describe the stalk F P of the sheaf F at a point P ∈ bΩ.
According to the general theory of Fréchet soft analytic sheaves, presented in [7] , Section 4.4, it is clear how to localize the Hilbert E(
More exactly, if D j denotes the quasi-coherent sheaf which localizes D j , then u ∈ D j P if and only if there is an open neighborhood U in bΩ of the point P and a test function ϕ ∈ D(U ) with the property that ϕ · u ∈ D j and ϕ = 1 in a neighborhood of P . Since the localization functor is exact, we obtain
In order to describe this kernel we observe that an element u ∈ D 0 P satisfies ∂ b u = 0 and can therefore be extended locally to an analytic function f inside Ω. For this, let U be an open neighborhood of P in C n such that u is defined on U ∩ bΩ and it extends analytically to U ∩ Ω (for details see [9] , Theorem 4.3). Let Ω ′ be a strictly pseudoconvex domain with smooth boundary such that Ω ′ ⊂ Ω ∩ U and bΩ ′ ∩ bΩ contains an open neighborhood of P in bΩ. Let r ′ be a smooth strictly plurisubharmonic defining function for Ω ′ ; we can assume that r = r ′ in a neighborhood B of P in C n . According to (2.3) we have sup
In particular, this yields
Conversely, if an analytic function f ∈ O(U ∩ Ω) satisfies condition (3.1) for an open neighborhood B of the point P ∈ bΩ, then the preceding argument can be reversed with minor modifications, and we obtain as boundary values of f an element u ∈ D 0 P such that ∂ b u = 0 and u extends analytically to f in a neighborhood of P ∈ bΩ.
In conclusion we obtain the following description of the sheaf F at a boundary point P ∈ bΩ:
This result is in accord with the similar description of the sheaf which localizes the Bergman space of a pseudoconvex domain; cf. [7] , Chapter 8.
Applications.
In this last section of the present paper, we collect some applications of the theory developed in the first three sections. All of them are derived analogously to the Bergman case, treated in Chapter 8 of [7] . We only sketch the ideas and proofs, a complete and precise treatment will be given in the second author's Ph.D. thesis.
Tuples T f with f
′ ∈ H ∞ have property (β). As a first application we show that the tuple of multiplication operators on H 2 (bΩ) with symbols in a certain class of functions has property (β).
If Ω ⊆ C n is a bounded open set, we denote the Banach algebra of bounded holomorphic functions on Ω by H ∞ (Ω). The space
all partial derivatives of f are bounded on Ω} is clearly a closed subalgebra of H ∞ (Ω) and hence a Banach algebra itself. If Ω is in addition strictly pseudoconvex with smooth boundary bΩ, then every f ∈ H ∞ (Ω) has non-tangential boundary limit at almost every point of bΩ, and the limit function f belongs to L ∞ (bΩ). Then the Hardy space
Further, the spaces D q (0 ≤ q ≤ n−1) and C in the resolution (2.2) are Hilbert H ∞ 1 (Ω)-modules, as one can prove directly from the definitions.
We denote the commuting tuple of multiplication operators on
If we restrict the symbol f to the subalgebra H m , the commuting tuple T f on H 2 (bΩ) has property (β).
P r o o f. We consider the pull-back map 
O(C
It is easy to check that the module structure determined by f * on X coincides with the module structure on X determined by the tuple T f ∈ (L(X)) (Ω)-modules, we obtain the exact sequence
In this resolution, the spaces D q (0 ≤ q ≤ n − 1) are soft, because f induces in a similar way an E(C m )-module structure on each D q . Therefore, if m = n, the O(C m )-module H 2 (bΩ) is quasi-coherent by Corollary 4.4.5 in [7] . If m < n, we cut the resolution (4.1) to the right length, i.e. we consider the exact sequence
and apply the same corollary to this resolution. This proves Theorem 4.1.
4.2.
Quasi-similarity of tuples T f as in 4.1. We recall that two bounded linear operators T and S acting on the Banach spaces X and Y are called quasi-similar if there are two injective bounded linear operators with dense range A : X → Y and B : Y → X such that AT = SA and BS = T B. In the last two decades, it was proved by different methods that this equivalence relation preserves the various spectra of certain classes of operators.
A unifying approach to these phenomena, which at the same time allows for the generalization to commuting tuples of operators, is based on the observation that a large part of the concrete classes of operators can be characterized by Bishop's property (β).
We cite the following theorem from [13] . Since the operators A and B in Theorem 4.2 are not required to be injective, this theorem holds under a slightly weaker condition than the quasi-similarity. However, for most applications the quasi-similarity relation is important.
As in the Bergman case, we immediately obtain the next corollary.
be two bounded strictly pseudoconvex domains with smooth boundaries, and let
. . , T g m ), acting on the Hardy spaces H 2 (bΩ), H 2 (bΩ ′ ), respectively, are quasi-similar , then 
There are two natural examples of analytically invariant subspaces of H 2 (bΩ). First, we consider spaces of the form
Here cl span S denotes the closed linear span of the set S.
The second class of analytically invariant subspaces consists of spaces of the form
where V is a closed subset of Ω. Clearly, I · H 2 (bΩ) and S(V ) are invariant under multiplication with f ∈ H ∞ (Ω). We show in this section that every analytically invariant subspace of finite codimension in H 2 (bΩ) belongs to the first class; more precisely, we have the following theorem. Let Ω ⊆ C n , n ≥ 2, be a bounded strictly pseudoconvex domain with smooth boundary. If S ⊆ H 2 (bΩ) is an analytically invariant subspace of finite codimension, then there are polynomials P 1 , . . . , P m (in z 1 , . . . , z n ) with only finitely many zeroes inside Ω such that
Thus, S = I ·H 2 (bΩ), where I is the ideal in O(Ω) generated by P 1 , . . . , P m .
P r o o f. We consider the quotient space Q := H 2 (bΩ)/S. Then Q is a Fréchet O(C n )-module of finite dimension, and has therefore a finite support that is contained in Ω. Moreover, it can be shown that the support is contained in Ω.
By Corollary 3.4, the Hilbert O(C n )-module H 2 (bΩ) is quasi-coherent, and the same is true for the Fréchet O(C n )-module Q. Let F and Q denote their associated quasi-coherent sheaves. A detailed description of the sheaf F was given at the end of Section 3. Since supp(Q) is finite, Hilbert's Syzyzy Theorem yields a global finite resolution
in which the boundaries are induced by polynomials P 1 , . . . , P m . Because supp(Q) ⊆ Ω and F| Ω = O C n | Ω , we can obtain a new exact sequence by tensoring this complex with ⊗ O C n F:
Both sheaves F and Q are acyclic on C n , and hence the corresponding sequence of global sections
remains exact. This shows that S is the image of the last differential in this complex, which is of the desired type. This proves Theorem 4.4. 
Rigidity of Hardy submodules.
The classification of all analytically invariant subspaces of the Hardy space of a domain in several complex variables is far from being as simple and as well understood as the classification given by Beurling's theorem in the case of the unit disc. An important series of results in this unknown territory was recently obtained by Ronald G. Douglas and his school; see [4] and [5] . By exploiting our main result (the quasi-coherence of the Hardy space) and some classical algebraic facts, we obtain below a rigidity theorem which complements similar results from [4] and [5] . In the sequel we closely follow the proof of Theorem 8.4.2 in [7] (which is the same result for the Bergman space). Consequently, we skip some technical details and a (more than necessary) preparation.
Let Ω ⊆ C n be a bounded strictly pseudoconvex domain with smooth boundary. Let J ⊆ O Ω be a coherent sheaf of ideals which satisfies the following two conditions:
The sheaf O/J is called in that case privileged with respect to the Hardy space H 2 (bΩ)-a notion introduced and studied in analytic geometry by A. Douady; see [3] .
If the ideal J ⊆ O Ω satisfies conditions (i) and (ii), then we infer via known results of analytic geometry (the structure of coherent sheaves and Hilbert's Syzygy Theorem) that there is a finite exact complex (of O See for details [7] , §8.4.
Theorem 4.5.
Let Ω ⊆ C n , n ≥ 2, be a bounded strictly pseudoconvex domain with smooth boundary and let J 1 , J 2 ⊆ O Ω be two coherent ideals satisfying conditions (i) and (ii). Suppose that max j=1,2 (dim C supp O Ω /J j ) ≤ n − 2. Then the (closed) analytic subspaces J 1 (Ω) · H 2 (bΩ) and J 2 (Ω) · H 2 (bΩ) are isomorphic as topological O(C n )-modules if and only if J 1 = J 2 .
P r o o f. The condition in the statement and the preceding resolution show that the analytic modules J j (Ω)·H 2 (bΩ) (j = 1, 2) are quasi-coherent. Let F j (j = 1, 2) be the corresponding Fréchet analytic sheaves. Since the localization of H 2 (bΩ) coincides with the sheaf of analytic functions for points λ ∈ Ω, we obtain F j,λ = J j,λ (j = 1, 2; λ ∈ Ω). Therefore J 1,λ ∼ = J 2,λ (as O λ -modules) for all λ ∈ Ω. The support condition then implies (via a non-trivial algebraic result of Grothendieck) that J 1,λ = J 2,λ for all λ ∈ Ω (see for details [7] , Lemma 8.3.3, or [5] ).
In conclusion, J 1 (Ω) = J 2 (Ω); but condition (ii) implies that J 1 (Ω) · H 2 (bΩ) = J 2 (Ω) · H 2 (bΩ) and the proof is complete.
